This paper presents a free vibration analysis of three-dimensional coupled beams with arbitrary coupling angle using an improved Fourier method. The displacement and rotation of the coupled beams are represented by the improved Fourier series which consisted of Fourier cosine series and closed-form auxiliary functions. The coupling and boundary conditions are accomplished by setting coupling and boundary springs and assigning corresponding stiffness values to the springs. Modal parameters are determined through the application of Rayleigh-Ritz procedure to the system energy formulation. The accuracy and convergence of the present method are demonstrated by finite element method (FEM) result. Investigation on vibration of the propulsion shafting structure shows the extensive applicability of present method. The studies on the vibration suppression devices are also reported.
Introduction
For the propeller running in the nonuniform wake fluid field, the longitudinal and lateral vibrations of the propulsion shafting will be stimulated. In the following, the shafting longitudinal and lateral vibration energy transfers from shafting to bearing pedestal, thereby to the structure which will cause structure underwater radiated noise. Therefore, it is necessary to find a method that can not only calculate the vibration characteristics of the propulsion shafting but also consider the shell structure in the following step.
There is a vast amount of information available on the longitudinal or lateral vibration of propulsion shafting. Zhang and Zhao [1, 2] obtained the longitudinal vibration modes of the propulsion shafting using onedimension elastic wave approach based on its continuous model. The coupled longitudinal-transverse dynamics of the marine propulsion shafting under primary and internal responses was investigated by Zou et al. [3] . The coupled longitudinal-transverse dynamic model is established by using the extended Hamilton principle and discretized by Galerkin method. Huang et al. [4] researched the coupled torsional-longitudinal vibration of the propulsion shafting.
The changes of displacement and rotation angle caused by coupled torsional-longitudinal vibration of the propulsion shafting are studied by the finite element method. Zhou et al. [5] applied the finite element method to calculate the ship propulsion shafting vibration responses under the propeller bearing forces. Li et al. [6] studied the dynamic and acoustic characteristics of the coupled propeller and shafting system by transfer matrix method. Kane and McGoldrick [7] studied the dynamic behavior of the propulsion shafting caused by longitudinal excitation. Pan et al. [8] used a series of mass spring damper system to simulate the propulsion shafting and performed experiment analysis, they simplified propeller as lumped mass, and the fluid load used the added mass to be simulated.
Among those papers, the shafting is assumed to be a uniform cross-section beam. A wide spectrum of techniques has been developed for the vibrations of beams. Some authors have investigated the dynamic analyses of multispan beams which used modern numerical methods such as the finite element method.
Bishop and Johnson [9] presented a modal receptance approach to the case single and coupled beam structure.
Farag and Pan [10] applied the receptance approach technique to the dynamic response and power flower flow of the three-dimensional coupled beam structure. Lee [11] used the assumed mode method to research the transverse vibration of a Timoshenko beam which is acted on by accelerating mass. Wu and Hsu [12] studied free vibration analysis of simply supported beams carrying multiple point mass and spring-mass system. Li [13] [14] [15] [16] proposed an improved Fourier series method to establish the multispan beam model with the elastic support and calculated the natural characteristics and dynamic response under moving load. An analytical solution consisting of the expansion of the displacement function into a Fourier series, the calculation of the kinetic energy and the elastic strain energy, and then solving the Lagrange equation is presented by Heidebrecht in [17] .
The two-dimensional coupled beams model is used in the shafting vibration calculation. However, the effect of the torsional force caused by the propeller can not be expressed well. Therefore, in order to study the characteristic of shafting vibration with the numerical method better, the threedimensional coupled beams are selected as the research object in this paper. The displacements and rotation components of the coupled beams are expressed as an improved Fourier series in which the closed-form auxiliary functions introduced to remove any potential discontinuities and ensure the convergence of the solution. All the coefficients will be solved directly from the Rayleigh-Ritz procedure. The convergence and accuracy of the present method are verified by numerical examples.
Theoretical Formulations

Theoretical Model.
The three-dimensional coupled beams model is presented in Figure 1 , together with the global and local coordinates employed in this paper. This model indicates ample information including general boundary condition, arbitrary coupling angles, and elastically coupled condition. In order to simulate the general boundary conditions and the elastically coupled condition, artificial spring technique is adopted here. Specifically, six sets of stiffness-like springs are used at the end of the beam with rectangular coordinates, including three sets of linear springs, respectively, along the -, -, -directions, and three sets of rotational springs around the -, -, -directions. The general boundary conditions can be achieved by varying the value of springs' stiffness. The springs are assigned very high stiffness values for a clamped edge or zero for a free boundary condition. Similarly, another six sets of springs are used to link the adjacent beams. For a rigid connection, the stiffness of all the springs can be assigned an infinite valve. Through assigning the springs at proper stiffness, the isolator can be readily achieved. The form of springs is shown in Table 1 . The counterclockwise is predefined as the positive direction of the coupling angle which is variable in the range from − to . The angle ( ) of each beam was obtained by the angle between the local and the global coordinate. The arbitrary coupling angle ( , ) can be achieved by varying the value of the angle ( ) of each beam.
Energy Functional of Coupled Beams
Structure. The total energy function of the coupled beams is taken as the sum of the energy contributions from the beam components, coupling constraints, and boundary constraints. Thus, the Lagrangian energy function of the coupled structure can be expressed as
is the coefficient, and if | − | = 1, = 0; otherwise = 1. Also the strain energy and the kinetic energy for the coupled beams can be written as
The potential energy stored in the boundary and coupling springs can be described as
where
] , U = R U , R is the transformation matrix to transform U to the global coordinate system, and its form is as follows: Figure 1 : An illustration of a coupled beams system. -direction. And they can be written in the form of the improved Fourier series as follows:
,
where is the angular frequency, represents time,
, and are the Fourier expanded coefficient, and ,
, and are the expanded coefficients of the auxiliary functions. They can be solved by the Rayleigh-Ritz procedure. ( ) are the auxiliary functions which can remove any potential discontinuities of the original displacements and effectively enhance the convergence of the result. In this paper, these auxiliary functions are specially selected as ] .
4 Shock and Vibration
Substituting (2)- (3) and (6) together with the admissible functions into (1) and then performing the Rayleigh-Ritz procedure, the governing eigenvalue equation can be obtained and given as
where the matrix K is the stiffness matrix of the system and its form is as follows:
in which K represents the total stiffness matrix of the th beam. The form is as follows: 
. (10) The matrix K is the coupling stiffness matrix caused by the coupling spring between the th and th beams, and its form is as follows: 
. (11) The detail form of the above equation can be found in Appendix A.
The system mass matrix M can be written as
where M is the mass matrix of the beam and can be expressed as 
The detail form of the above equation can be found in Appendix B.
The definition of the coefficient vector C in (8) is
All the natural frequencies and mode shapes of the coupled beams can be obtained by solving (8) , which is a standard characteristic equation.
Numerical Example and Discussions
In this section, several examples are presented to verify the accuracy and reliability of the present method. Firstly, the convergence of the present solution is checked and excellent accuracy is validated through comparison of the results obtained from the FEM. Then coupled beams with arbitrary coupling angle are studied. Influence of coupling springs is discussed as well. The properties for these coupled beams structures are summarized in Table 2 .
Shock and Vibration 5 Table 3 shows the first eight frequencies of the coupled beams with some classical boundary conditions, including C-C, F-F, and S-S, are derived by different truncation number . It is obvious that the natural frequencies converge quickly with the increasing truncated number. It can be also found that the results obtained by present method converge well at = 12. Therefore, the truncated number will be uniformly selected as = 12. And also, an excellent agreement of comparisons between the results and those from FEM shows the accuracy of present method. Some selected mode shapes for the C-C supported structure are given in Figure 3 . It is obvious that the two sets of modes are essentially identical and the coupled beams are commonly coupled.
Two Coupled Beams with Arbitrary
Angle. In order to illustrate the application of the current method, the studies on free vibration of the coupled beams with a 45 ∘ and 90 ∘ coupling angle are carried out, as shown in Figure 4 . The left end of beam 1 and the right end of beam 2 are clamped. Table 4 shows the comparison of nature frequencies obtained by present method and FEM. Some selected mode shapes are shown in Figures 5 and 6 . It is seen that very good agreement of the result is obtained. The comparisons in Table 4 and Figures 5 and 6 indicated that the current analysis for coupled beams with various coupling angles is accurate and reliable.
Two Coupled Beams with Elastically Coupling Condition.
In this section, the effects of the coupling spring on the mode shape of the coupled beams are investigated. Four types of coupling conditions as shown in Table 5 are considered in this part. The fourth mode shape of the coupled beams with various coupling conditions is present in Figure 7 . Figure 7(a) shows that the mode shape is uncoupling and independent from each other when the coupling spring stiffness is = 0. When the coupling spring stiffness changes from 1 6 to 1 8, because of the elastic coupling, the displacement on the beams is no longer continuous across the junction. And there is a trend for the coupled beams from weak-coupling to strong-coupling. When the coupling spring stiffness is = 1 10, the coupled beams realized the rigidity connection.
Application of Present Method to the Propulsion Shafting System
In this section, the propulsion shafting system will be taken as an example to illustrate the application of present method in practice. The shafting is assumed to be the beam structure with arbitrary boundary conditions. Thrust bearing is simulated as a beam which can be both transmit force and bending moment. The propeller is considered to be the lumped mass and the middle bearing and stern bearing are considered to be the linear springs. The propulsion shafting is simplified in Figure 8 and the properties for shafting are summarized in Table 6 .
Vibration Characteristic of the Propeller Shafting System.
For propulsion shafting with a propeller, a lumped mass is adopted, it needs to consider the influence of the lumped mass to the mass matrix of coupling system, and the energy of lumped mass is as follows:
Through (1) to (8), we can get the vibration characteristics of propulsion shafting under multisupport bearings with propeller.
In Table 7 , the nature frequencies of the propulsion shafting are compared to those obtained by FEM. From Table 7 , we can see that the present results agree well with the referential data. The deviation is small and does not exceed 2.5% for the worst case, which validates the accuracy and feasibility of present method for propulsion shafting system. Some selected mode shapes are shown in Figure 9 .
Vibration Isolator.
Longitudinal vibration isolator can be achieved by assigning the -direction springs between shafting and thrust bearing at proper stiffness value. In this section, the damping effect of the isolator with different stiffness valve is studied. The stiffness values were separately taken as 1E9 N/m, 5E8 N/m, 1E8 N/m, and 5E7 N/m. From Table 8 , we can see that, with the decreasing of stiffness valve, the two natural frequencies of longitudinal vibration are gradually reduced. The simulation of the isolator can be achieved. 
Dynamic Vibration
Absorber. Dynamic vibration absorbers are commonly designed and tuned to suppress vibrations of one vibration mode of a vibrating structure. As shown in Figure 10 , the spring-mass systems which are attached to propulsion shafting are simulated as the dynamic vibration absorbers.
The mass is and the stiffness coefficient of the spring between the mass and the beam is : where is the mass of the shafting and is the frequency of the vibration mode which is suppressed.
The displacement of the mass has a form of
Accordingly, the kinetic energy and the potential energy stored in the spring-mass system can be described as
Substituting (18)- (20) into the Lagrangian energy function, we can get the vibration characteristics of propulsion shafting with dynamic vibration absorbers.
In Table 9 , we can see that there are two natural frequencies on both sides of the absorbency frequency after the dynamic vibration absorber is attached, and the other natural frequencies remain unchanged. Therefore, the frequency characteristic of the dynamic vibration absorbers is met. Accordingly the spring-mass system can achieve the simulation of the vibration absorber.
Conclusions
An improved Fourier series method has been developed for the free vibration analysis of three-dimensional coupled beams with arbitrary coupling angle. The displacement and rotation of the structure are expressed as the Fourier cosine series and closed-form auxiliary functions. On the basis of energy functional of the structure elements, the solutions are obtained using Rayleigh-Ritz procedure. By using the present method, the three-dimensional coupled beams with arbitrary coupling angle and boundary conditions can be solved in a unified form. The accuracy and convergence of the present method are demonstrated by the FEM results. Based on this, the methodology is expressed to be applicable to vibration analysis for the propulsion shafting system and proved accurate for the FEM result as reference and obtained an efficient solution for the vibration suppression devices.
Appendix
A. Stiffness Matrices
Various stiffness matrices are represented as 
, 
, The angle between the local and global coordinate system of the beam , : , = | − |, the coupling angle between the adjacent beams C, S, F: Clamped, simple support, free.
